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1. INTRODUCTION 
Consider the nth order (n > 1) retarded differential equations 
+(t) + PM d~k(w = a t 3 to (*I 
and 
,(“(t) - PO) PMml) = 0, t 2 to, t**> 
where g, p, v are real-valued functions satisfying the following assumptions: 
(i) g is continuously differentiable on the interval [to , CO) and such 
that 
g(t) G t for every t 3 to, 
g’(t) z 0 for every t 2 t, 3 
limg(t) = co. 
(ii) p is continuous and nonnegative on the interval [to , cc). 
(iii) v is continuous on the real line R, nondecreasing and such that 
Y f 0 *YdY) > 0. 
Sufficient smoothness for the existence of solutions for all large t will be 
assumed without mention. In what follows we consider only such solutions 
which are nontrivial for all large t. The oscillatory character is considered in 
the usual sense, i.e., a continuous real-valued function which is defined for all 
large t is called oscillatory if it has no last zero, otherwise it is called non- 
oscillatory. 
It is well known (cf. [7]) that for the simple ordinary differential equation 
XC”) + p(t) xa = 0, 
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where 01 is an odd integer with 01 > 1, the condition 
s 
m 
P-1$(t) dt = co, (2) 
is necessary and sufficient in order that for n even all solutions of (1) to be 
oscillatory and for n odd all solutions of (1) to be either oscillatory or tending 
monotonically to zero as t + co together with their first n - 1 derivatives. 
On the other hand, it is also known (cf. [2] or [g]) that the analogous condition 
I O” [g(t)]“-‘p(t) dt = co, 
for the associated retarded differential equation 
d-)(t) + p(t) x&[g(t)] = 0, (4) 
is sufficient for the above oscillatory property of the solutions. It was an open 
question up to now whether condition (3) is also necessary for the oscillation 
of solutions of (4). Using the results obtained here, we can construct below 
an example which shows that the necessity of condition (3) fails in general 
for the differential equation (4). 
As it has been proved by an example in [5], it may happen that all bounded 
solutions of (**) are oscillatory, while the associated ordinary equation is 
nonoscillatory. Such a change in the oscillatory character, is obviously 
generated by the delay and, ‘as it follows from the fact that the condition 
s 
m 
t”-+(t) dt < 00, 
is necessary and sufficient for the existence of a bounded nonoscillatory 
solution x of (*) with lim,,, x(t) # 0 (Cf. [4, Theorem l]), this is impossible 
for the differential equation (4). The purpose of the present paper is to study 
in general the effect of the delay on oscillations for both differential Eqs. (*) 
and (**). 
By the results in ([4, Theorem 11) and ([lo, Theorem 11) it follows that 
condition (2) is necessary and sufficient in order that for n even all bounded 
solutions of (4) to be oscillatory and for 11 odd all bounded solutions of (*) 
to be either oscillatory or tending monotonically to zero as t---f co together 
with their first n - 1 derivatives. On the other hand, in [9] has been proved 
that the condition 
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is sufficient in order that for n even all bounded solutions of (**) to be either 
oscillatory or tending monotonically to zero as t---f co together with their 
first n - 1 derivatives. In this paper we prove that condition (C,) is also 
sufficient in order that for n odd all bounded solutions of (* *) to be oscillatory. 
Moreover, we deal here with the oscillation, under the effect of the delay, of 
all solutions of (*) as well as of all solutions x of (**) which satisfy the order 
relation 
x(t) = o(t”-1). 
For related results concerning the effect of the delay on the oscillation of 
bounded solutions of retarded differential equations, we refer to [3] and [6]. 
2. OSCILLATION RESULTS 
We prove here the following oscillation results in which the symbol ?g is 
used for the function defined by the composition 
THEOREM 1. If the equation ( * *) is subject to the conditions (i)-(iii) and (C,), 
then for n odd all bounded solutions of (**) are oscillatory, while for n even all 
bounded solutions of (**) are either oscillatory or tending monotonically to zero 
as t --+ CO together with their first n - 1 derivatives. 
Proof. The case of even n has been treated in [9]. Thus, it is enough to 
examine only the case of odd n. 
Let x be a bounded nonoscillatory solution of (**). This solution can be 
supposed with domain [t, , CD) and positive, since the substitution u = -x 
transforms (**) into an equation of the same form satisfying the assumptions 
of the theorem. Obviously, by lim t,m g(t) = 00, we can choose a t, > t, such 
that 
for every t > tl , 
which, by (**), gives 
x(“)(t) > 0 for every t > t, , 
where x(n)(t) is not identically zero for all large t, since, by (C,), this holds for 
p(t). Moreover, for some t, > tl 
(- I)“+1 x(k)(t) > 0, for every t > t, (k = 1, 2 ,..., fz). (5) 
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Indeed, in the case where for some k, 1 < K < n 
x(k)(t) .(n+lyt) > 0, for all large t, 
a simple application of Taylor’s formula leads to the contradiction 
hiI” = &co. 
Now, by Taylor’s formula 
x(u) - x(v) = !qJ (u - v) + Tp (u __ v)” + . . . + “(‘n”-:y (u - v)?l-l, 
for every u, v with t, < u < v and some u*, u < u* < v, which, by (5) and 
the fact that n is odd, gives 
x’“-l’(v) 
x(v) - 44 > - (n _ l )! (v - q-l, t, <u <v. 
Thus, by choosing t, > t, such that 
l?(t) 2 t‘2 9 for every t > t, , 
we obtain 
x’“-“[g(t)] 
4g(t)l - x[g(s)l 2 - (n _ ])! [g(t) - g(s)F, (6) 
for every t, s with t > s > t, . 
Let us, now, consider the function y defined by 
y(t, s) = [x(+1)(,) - A?(“-1) 
[gw11 I, 
t 4gWl g’(4 &, 
cp(x[8 g(u)]) 
for every t, s with g(t) < s < t and t >, t, . Obviously, we have 
Y(4 4 = 0 = Y(4 g(t)) for every t > t, . (7) 
Calculating the partial derivative of y(t, s) with respect to s and substituting 
x(“)(s) from (**), we obtain 
409/49/3-15 
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for every t, s with g(t) < s < t and t > ts . Since, by (5) and (iii), the func 
tions x and v are both nondecreasing, taking into account (i) and again (5 
we derive the inequality 
which, by (6), gives 
g (t, s) 3 - s;;-~$/l [p(s)[g(t) - g(s)]n-1 - (n - l)! ;$;$;‘, 
for every t, s with g(t) < s < t and t > ts . 
Integrating the last inequality from g(t) to t and using (7), we obtain 
0 = r(t, t> - r(t, g(t)> b - 
x I 
and consequently, by the mean value theorem and (5), 
f ,:,,P(s) [g(t) - gWl”-l ds + (a - 111 &@ !&*)]) Mm - @ml s 0 
(8: 
for every t 3 t, and some t*, g(t) < t* < t. Since the solution x is supposed 
to be bounded and, by (5), it is also nondecreasing, lim,,, x(t) is positive and 
finite. Thus (8) leads to 
lirui~up J t s(t) P(S) [g(t) - dW1 ds G 0, 
which contradicts (C,). 
THEOREM 2. Consider the retarded d@rential equation (*) subject to the 
,ioonditions (i)-(iii) and moreover 
(C,) J-$)<m, J--$y. 
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and 
lim+%up 
I ,:, P(s) [g(t) - dw-k-l 15 g(t) - g ml” ds > 0 
for every integer k with 0 < k < n - 2, 
then for n even all solutions of (*) are oscillatory, while for n odd all solutions 
of (*) are either oscillatory OY tending monotonically to zero as t 4 CO together 
with their jirst n - 1 derivatives. 
Proof. Let x be a nonoscillatory solution of (*). As in the proof of Theo- 
rem 1, we can (and do) suppose that x is defined and positive on the interval 
[to , co) and moreover that for some t, > t, , 
x(n)(t) < 0 for every t 3 t, , 
where x(@)(t) is not identically zero for all large t. Using the lemma of 
Kiguradze [l] we derive the existence of an integer Y, 0 < Y < n - I, 
with n + Y odd and such that 
x(k)(t) >/ 0, for every t > t, (k = 0, l,..., r) 
and (9) 
(- l)n+k-l x’“‘( t> >, 0 for every tat, (k=r+l,r+2,...,n) 
By Taylor’s formula we have 
x’(u) x(v)-x(u)=~(v-u)$-“‘$- ep (v - up, 
for every u, v with v 3 u > t, and some u*, v >, u* >, u, which, by (9) gives 
x(v) - 44 > x!p (v _ u)+, v >, u >, t, . 
so 
XE &)I - 43 m 2 x~r)[;f’“‘l [%g(t) - Zg(s)]‘, (10) 
for every t, s with t > s > t, , where t, is chosen so that 
2, g(t) 2 t, for every t > t, . 
Also, following the arguments of the proof of Theorem 1 and taking into 
account that n + Y is odd, we obtain 
x@)(u) - x(‘)(v) 3 
x(n-l’(v) 
(n _ y _ I)! (v - w’-l, v>u>tt, 
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and consequently 
.qg(s)] - xW[g(t)] > X(n-l)k(t)l 
(n - Y - l)! [g(t) - dw-l~ (11) 
for every t, s with t 2 s 2 t, . 
Let us, now, consider the following three cases. 
Case 1. Y = 0. In this case, the solution x is bounded, and since the 
condition (C,) implies (2), we can apply Theorem 1 in [lo], to conclude that 
Fil x(f)(t) = 0 (i = 0, I,..., 71 - 1). 
Case 2. 0 < r < n - 1. Combining the inequalities (IO), (11) and 
taking into account that the function xfr) is nonincreasing, we obtain 
4 Awl - 48 &)I 3 y,(n _ y _ 1) x'"-l'[g(t)l , [g(t) - g(s)]"-r-1 [Jg(t) - G!g(s)]r, 
(12) 
for every t, s with t 3 s 3 t, . 
Now, we consider the function y defined by 
y(t, s) = -[,+1)(s) - x '"-lqg(t)]] s,t x',",(@J;J,,;]y)g"~) d*, 
for every t, s with g(t) < s < t and t 3 t, . We obviously have 
y(t, t) = 0 = y(t, g(t)), for every t 3 t, . (13) 
Calculating the partial derivative of y(t, S) with respect to s and using 
similar arguments with that of the proof of Theorem 1, we derive, by (9), that 
2 (t, s) 3 p(s) [x[B g(t)] - x[Zg(s)]] - x+l)[g(t)] a g;)$$$; g'(4 
and consequently, by (12), 
2 (6 4 > x'"-l'[g(t)] r!(n - Y - l)! L P(s) [g(t) - &lln-r-1 E g(t) - % &)I7 
y,(n _ y _ I), xv &I k’ o d (4 g’(s) - . 
dxP ml) I ’ 
for every t, s with g(t) < s ,( t and t > tz. 
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Integrating the last inequality from g(t) to t and taking into account (13) 
we finally obtain 
s,l) p(s) [g(t) - g(s)]“+1 [o g(t) - % g(s)]‘ds - r!(n - Y - l)! S’Lzgo)l -&- 
zL%dt)l 
for every t >, t, , which, by conditions (C,) and (C,) and the fact that 
limt+m x(t) # 0, leads to a contradiction. 
Case 3. r=n-1. In this case, by a simple application of Taylor’s 
formula, we derive the existence of some TV > 0 and t, > t, such that 
for every t > t, . (14) 
Also, by (*), integrating from t to u 2 t, taking the limits for u + co and 
using (9), we obtain 
.@-(t) 3 tm ~(4 WWI) 4 s for every t > t, . 
Thus, using (i)-(iii), (9) and (14), 
or 
~(“-lYt) > d/4g(t)ln-2) jta P(S) 4 for every t > t, . 
Since lim,,, dn-l)(t) is finite, this last inequality contradicts condition (C,). 
Remark. This theorem enables us to give an example which shows that 
condition (3) is not necessary and sufficient in order that the solutions of (*), 
and in particular of (4), to satisfy the conclusion of Theorem 2. 
EXAMPLE. Consider the third order retarded differential equation 
x”‘(t) +& x5(t”2) = 0, t > 1. (15) 
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It is easy to verify that 
liy+%up 
s 
,:,,A (Cl2 - s1/2)2 ds = cm, 
liy+%up 
s 
1~,1~('1/2 - ,W)(tlP - Z/4)& = f 
and for every p # 0, 
and consequently, by Theorem 2, all solutions x of (15) with lim,,, x(t) # 0 
are oscillatory, although, for 
g(t) = (t)ll2 and P(t) = t& 9 
jm [g(t)12p(t) dt = lrn & dt -=c 00, 
holds. 
THEOREM 3. Consider the retarded diffeential equation (**) subject to the 
conditions (i)-(iii) and (C,). If 
(C4) liy+tuP I#;tl p(s) [g(t) - g(@+-l [a g(t) - % g(s)Y ds > 0, 
for every intege-r k with 0 < k < n - 2, 
then for n odd all o(P-l) solutions of (**) are oscillatory, while for n even all 
o(t+1) solutions of (**) are either oscillatory or tending monotonically to zero a~ 
t + co together with their jrst n - 1 derivatives. 
Proof. Let x be a nonoscillatory solution of (**). As in the proof of Theo- 
rem 1, we can (and do) suppose that x is defined and positive on the interval 
PO > co) and moreover that for some t, > to 
x(S)(t) > 0, for every t 2 tl , 
where x(n)(t) is not identically zero for all large t. Since x(t) = o(t”-l), a 
simple application of Taylor’s formula proves that we must have x(--l)(t) Q 0 
for all large t. Without loss of generality we suppose that 
x(-l)(t) < 0 for every t > tl . 
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Applying, now, the lemma of Kiguradze [I], we conclude the existence of 
anintegerr,O<r<n-l,withn+r-loddandsuchthat 
C(t) > 0, for every t 3 t, (K = 0, l,..., r) 
and 
(- l)n+“-2 i@)(t) 3 0, for every t > t, (K = r + 1, r + 2 ,..., n). 
The theorem follows from the fact that the following two cases lead to 
contradictions. 
Case 1. r = 0. In this case, since the solution x is obviously bounded, 
we can apply Theorem 1 to conclude that 
li*iX(yt)=O @=O,l,..., n- 1). 
Case 2. 0 < r < n - 1. Following step by step the arguments of the 
proof of Theorem 2, we derive, in place of (12) the inequality 
x’“-“rg(t)l 4agw1 - damI 2. - qn _ r _ 1). , [g(t) - g(s)]--1 [%gt) - %g(s)]f-, 
for every t, s with t >, s > t, , where t, > t, is chosen properly. Next we 
consider, instead of the function y of the proof of the corresponding case in 
Theorem 2, the function w = -y and working similarly, we obtain a con- 
tradiction. 
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